Let n be a positive integer. The main result of this manuscript is a construction of a filtration on the cohomology ring of a regular nilpotent Hessenberg variety in GL(n, C)/B such that its associated graded ring has graded pieces (i.e., homogeneous components) isomorphic to rings which are related to the cohomology rings of Hessenberg varieties in GL(n − 1, C)/B, showing the inductive nature of these rings. In previous work, the first two authors, together with Abe and Masuda, gave an explicit presentation of these cohomology rings in terms of generators and relations. We introduce a new set of polynomials which are closely related to the relations in the above presentation and obtain a sequence of equivalence relations they satisfy; this allows us to derive our filtration. In addition, we obtain the following three corollaries. First, we give an inductive formula for the Poincaré polynomial of these varieties. Second, we give an explicit monomial basis for the cohomology rings of regular nilpotent Hessenberg varieties with respect to the presentation mentioned above. Third, we derive a basis of the set of linear relations satisfied by the images of the Schubert classes in the cohomology rings of regular nilpotent Hessenberg varieties. Finally, our methods and results suggest many directions for future work; in particular, we propose a definition of "Hessenberg Schubert polynomials" in the context of regular nilpotent Hessenberg varieties, and outline several open questions pertaining to them.
INTRODUCTION
Hessenberg varieties 1 are subvarieties of the full flag variety F lag(C n ) of nested sequences of linear subspaces in C n . These varieties lie in a fruitful intersection of algebraic geometry, combinatorics, and representation theory, and they have been studied extensively since the late 1980s, when they were first introduced by De Mari and Shayman and studied by De Mari, Procesi, and Shayman [3] [4] [5] .
We now describe the main result of this paper; the precise statement is given in Theorem 3.5. Let n be a positive integer. A function h : {1, 2, . . . , n} → {1, 2, . . . , n} is said to be a Hessenberg function if h(i) ≥ i for 1 ≤ i ≤ n and h(i + 1) ≥ h(i) for 1 ≤ i ≤ n − 1. For A an n × n matrix with complex entries and h a Hessenberg function, the Hessenberg variety determined by A and h, denoted Hess(A, h), is a certain subvariety of the full flag variety F lag(C n ). (Details are in Section 2.) When the matrix is chosen to be a regular nilpotent matrix N, i.e. a matrix whose Jordan form consists of exactly one Jordan block with corresponding eigenvalue equal to 0, then the corresponding variety is called a regular nilpotent Hessenberg variety. The cohomology rings 2 of these varieties are the main objects of study in this manuscript. Now let h : {1, 2, . . . , n} → {1, 2, . . . , n} be a Hessenberg function and let N be a regular nilpotent matrix. Our Theorem 3.5 shows that there exists a positive integer p ≤ n, a sequence of rings A h s for 1 ≤ s ≤ p such that A h 1 ∼ = H * (Hess(N, h) ), and a filtration of H * (Hess(N, h) ) as a vector space; here, by a filtration we mean that there is a sequence of maps
where each arrow is an inclusion of vector spaces. Furthermore, for each s with 1 ≤ s ≤ p, we can define a "smaller" Hessenberg function h (s) : {1, 2, . . . , n − 1} → {1, 2, . . . , n − 1} defined on {1, 2, . . . , n − 1} instead of {1, 2, . . . , n} which, intuitively, deletes the s-th row and the s-th column of the diagram of h. (A precise definition is given in (3.2) .) In addition to the existence of the filtration above, our main result also shows that the successive quotients A h s /A h s+1 are isomorphic to an analogously defined ring associated to the smaller Hessenberg function h (s) . More precisely, we prove that
for an appropriately chosen integer r s . Our result therefore opens the door for an inductive analysis of these rings, which include the cohomology rings of regular nilpotent Hessenberg varieties. Some remarks are in order. Building on work of [8, 10] , the first two authors and H. Abe and Masuda gave a ring presentation of the cohomology rings of regular nilpotent Hessenberg varieties in the paper [1] , as a polynomial ring Q[x 1 , . . . , x n ] modulo an ideal I h , with an explicit list of n generators which we notate as f h(1),1 , . . . , f h(n),n . This explicit presentation, stated precisely in Theorem 2.4, is what allows us to make the arguments in the present paper. In another direction, the second and third authors and T. Abe, Masuda, and Sato showed in [2] that the cohomology rings of regular nilpotent Hessenberg varieties can be described in the language of hyperplane arrangements. From this point of view, recently, the problem of giving an explicit ring presentation of H * (Hess(N, h) ) was solved in all Lie types [2, 6] . The main new insight in the current paper, which allows us to make the relevant arguments, is the introduction of a set of polynomials g h(1),1 , g h(2),2 , . . . , g h(n),n which are closely related to the above generators f h(i),i of the ideal I h . The key technical points which form the core of our proof are that these new polynomials satisfy the same recursive formulas as the ideal generators (Lemma 2.3), and moreover, that the ideal generators inductively satisfy a very simple algebraic equation involving the g h(j),j (Lemma 4.1). We also heavily use the fact, proven in [1] , that the sequence {f h(1),1 , f h(2),2 , · · · , f h(n),n } is a regular sequence.
We also give several immediate applications of our main Theorem 3.5. The first is an inductive formula for the Poincaré polynomials of regular nilpotent Hessenberg varieties, stated in Corollary 6.1. The Betti numbers of these varieties had been computed by previous work of the last two authors [16, 19] and a closed formula for the Poincaré polynomial, was given in [2, 17] . Therefore, our formula is certainly not the first formula for the Poincaré polynomial of Hess(N, h), but it reveals the inductive nature of this Poincaré polynomial. As a second application, we give a set of monomials in the polynomial ring Q[x 1 , . . . , x n ] such that their images under the quotient map Q[x 1 , . . . , x n ] → Q[x 1 , . . . , x n ]/I h ∼ = H * (Hess(N, h) ) form a Q-vector space basis of H * (Hess(N, h) ); the result is stated precisely in Theorem 7.1. These monomials are natural from the point of view of Schubert calculus, and in fact were the primary motivation for this manuscript. Note that the result of [7] gives a basis for the same ring whose elements are monomials in the positive roots, whereas the basis given in Theorem 7.1 is formed by monomials in the original variables x i . Finally, as a third application of our techniques as well as the fact that the cohomology of the full flag variety surjects onto H * (Hess(N, h) ), we give an algorithm for deriving a basis for the set of linear relations satisfied by the images of the Schubert classes in H * (Hess(N, h) ).
Our methods and results suggest many possible avenues of future work. Firstly, as mentioned above, our monomial basis has natural interpretations in terms of Schubert calculus, and we use this basis to propose a definition of "Hessenberg Schubert polynomials", in the context of regular nilpotent Hessenberg varieties, in Section 9. Secondly, it is known by work of the first two authors and Abe and Masuda that the cohomology ring H * (Hess(N, h) ) is isomorphic to the S n -invariant subring of the "dot action" representation (defined by the fifth author in [20] ) on the cohomology ring H * (Hess(S, h)) Sn of the corresponding regular semisimple Hessenberg variety (here S is diagonalizable, with distinct eigenvalues) [1, Theorem B] .
Thus it is natural to ask whether a filtration which is analogous to ours, and which is compatible with the dot action, also exists for H * (Hess(S, h)). Thirdly, on a related note, it would be interesting to see a geometric interpretation of our filtration and the isomorphisms of the graded pieces A h s /A h s+1 with analogous rings for smaller Hessenberg functions. Fourthly, the polynomials g h(j),j which we introduce are defined by using the same recursive formula as the f h(j),j , but with a different set of initial values. This suggests that it may be profitable to study the entire family of polynomials defined by these recursive formulas, with differing initial values.
We frequently write a Hessenberg function by listing its values in sequence, i.e. h = (h(1), h(2), . . . , h(n)).
We now define the objects which are the geometric motivation for this manuscript. Let h : [n] → [n] be a Hessenberg function and let A be an n × n matrix in gl(n, C). Then the Hessenberg variety Hess(A, h) associated to h and A is defined to be
In particular, by definition Hess(A, h) is a subvariety of F lag(C n ), and if h = (n, n, . . . , n), then it is immediate from (2.1) that Hess(A, h) = F lag(C n ) for any choice of A. Thus the full flag variety F lag(C n ) is itself a special case of a Hessenberg variety.
Let N denote a regular nilpotent matrix in gl(n, C), i.e., a matrix whose Jordan form consists of exactly one Jordan block with corresponding eigenvalue equal to 0. Then, for any choice of Hessenberg function h, we call Hess(N, h) the regular nilpotent Hessenberg variety (associated to h).
We now define the polynomials which are the main focus of this manuscript. For 1 ≤ j ≤ i ≤ n we define a polynomial
Here we take the convention that if j + 1 > i (i.e. we are in the situation i = j) then the product appearing in the RHS is 1. Thus for any i with 1 ≤ i ≤ n we have
We also define the polynomials
In the case when j + 1 > i (i.e. when i = j) we take the same convention as for the f i,j and we see that for any i with 1 ≤ i ≤ n we have
As can be seen from the definitions, the polynomials f i,j and g i,j are intimately related, and we will use this to our advantage in what follows.
Remark 2.2.
It is immediate from the definitions that for 1 ≤ j ≤ i ≤ n, the polynomial f i,j is homogeneous of degree i − j + 1, and g i,j is homogeneous of degree i − j.
It is useful to visualize both f i,j and g i,j as corresponding to the (i, j)-th matrix entry in an n × n matrix as follows:
and similarly for the g i,j . Visualized in this manner, the equations (2.3) and (2.5) give simple explicit formulas for the entries along the main diagonal, i.e. the (i, i)-th entries. The polynomials f i,j were originally defined in [1] by the recursive formula (2.7) below. Motivated by this, we have the following lemma.
where we take the convention f i,0 := 0 for any i. We also have
where again we take the convention that g i,0 = 0 for any i.
Proof. For the recursive formula (2.7) for the f 's, see [1, Lemma 6.5] . We show the recursive formula (2.8) for the g's. First consider the case when j = 1. Then g i−1,j−1 = g i−1,0 = 0, so the statements of the lemma become
Since i > j by assumption, we know i ≥ 2. By definition of the g i,j we have
as desired, where the product is taken to be equal to 1 if the top index is less than the bottom index.
Now we consider the case j ≥ 2. We start with the RHS of (2.8) and compute:
so the RHS equals the LHS and we are done.
Let R := Q[x 1 , . . . , x n ] denote the polynomial ring in variables x 1 , . . . , x n , and define the ideal I h associated with a Hessenberg function h by (2.9) I h := f h(1),1 , f h(2),2 , . . . , f h(n),n .
Then the quotient ring R/I h has the following geometric meaning as shown in [1] .
Theorem 2.4. [1, Theorem A]
Let n be a positive integer. Let N denote a regular nilpotent matrix in gl(n, C), h : [n] → [n] a Hessenberg function, and let Hess(N, h) ⊂ F lag(C n ) be the associated regular nilpotent Hessenberg variety. Then the restriction map H * (F lag(C n )) → H * (Hess(N, h)) is surjective, and there is an isomorphism of graded Q-algebras (2.9) . Here, the isomorphism doubles the grading on the right hand side, namely deg(x i ) = 2 for all 1 ≤ i ≤ n.
Remark 2.5. The cohomology ring H * (F lag(C n ); Z) has the well-known Borel presentation
where, for each i, the e i denotes the i-th elementary symmetric polynomial. The x i in (2.11) represents the negative of the first Chern class of the i-th tautological line bundle over F lag(C n ). The x i in (2.10) denotes the image of the x i in (2.11) under the restriction map H * (F lag(C n )) → H * (Hess(N, h)).
Next, we define a family of rings which include the cohomology rings appearing in Theorem 2.4 as special cases. Let h : [n] → [n] denote a Hessenberg function and let 1 ≤ s ≤ n + 1. We define
12)
A h s := R/ g h(1),1 , . . . , g h(s−1),s−1 , f h(s),s , . . . , f h(n),n . Thus the ring A h s is obtained by replacing the first s − 1 relations f h(1),1 , . . . , f h(s−1),s−1 defining the ideal I h with the polynomials g h(1),1 , . . . , g h(s−1),s−1 respectively. In particular, it is clear that A h 1 = R/I h ∼ = H * (Hess(N, h)), so these rings generalize the cohomology rings appearing in the above theorem. Note that A h n+1 is the zero ring because g h(n),n = g n,n = n is a constant.
Our arguments will depend heavily on techniques from commutative algebra, stemming from the fact that the sequences appearing in the definition of A h s above are regular sequences. We first recall the definition of a regular sequence from commutative algebra. Definition 2.6. For a ring S, a sequence f 1 , . . . , f r ∈ S is called a regular sequence if:
(i) f i is non-zero, and not a zero-divisor, in S/(f 1 , . . . , f i−1 ) for i = 1, . . . , r, and (ii) S/(f 1 , . . . , f r ) = 0.
If S is a graded Q-algebra and f 1 , . . . , f r are positive-degree, homogeneous elements, then it is well-known (cf. for example [18, Chapter 1, Section 5.6]) that {f 1 , . . . , f r } is a regular sequence if and only if the set {f 1 , . . . , f r } is algebraically independent over Q and S is a free Q[f 1 , . . . , f r ]-module. The following is then immediate.
. , x n ] be a polynomial ring and let g 1 , . . . , g n ∈ R be a regular sequence of positivedegree homogeneous polynomials in R. If {g 1 , . . . , g n } ⊆ R is a regular sequence, then for any σ ∈ S n a permutation, the reordering {g σ(1) , . . . , g σ(n) } is also a regular sequence.
Proof. As remarked before the statement of the lemma, it is known that if g 1 , . . . , g n are positive-degree and homogeneous, then the property of being a regular sequence can be characterized by algebraic independence over Q and the freeness of R as a Q[g 1 , . . . , g n ]-module. Both conditions depend only on the set {g 1 , . . . , g n } and are independent of their ordering. Hence the statement of the lemma follows.
The following lemma will be fundamental to our arguments below.
. , x n ] be a polynomial ring and let {g 1 , . . . , g n } ⊂ R be a regular sequence of positivedegree homogeneous polynomials in R. Assume that g n = g ′ n · g ′′ n for some positive-degree homogeneous polynomials g ′ n , g ′′ n ∈ R. Then, the linear map induced by multiplication by g ′′ n , i.e., the map
is well-defined and injective. In fact, the above map fits into an exact sequence of R-modules (2.14) 0 → R/ g 1 , . . . , g n−1 , g ′ n → R/ g 1 , . . . , g n−1 , g n → R/ g 1 , . . . , g n−1 , g n , g ′′ n → 0. Proof. To check well-definedness, it suffices to check that the generators {g 1 , g 2 , . . . , g ′ n } of the ideal on the LHS of (2.13) go to the ideal generated by {g 1 , g 2 , . . . , g n }, and this is clear. For the injectivity, it is useful to notice that we can describe the map (2.13) also as ×g ′′ n : (R/ g 1 , . . . , g n−1 ) / g ′ n → (R/ g 1 , . . . ,
, where by slight abuse of notation we also denote by f an element of S := R/ g 1 , . . . , g n−1 . By assumption, {g 1 , . . . , g n } is a regular sequence, so the image of g n ∈ R in S is not a zero divisor in S. It follows that g ′ n , g ′′ n are also not zero divisors in S. Thus to prove the claim it is enough to show the following: for S a commutative ring and b not a zero divisor in S, the map ×b : S/ a → S/ ab is injective, for any a ∈ S. To see this, suppose f ∈ S and f b ∈ ab . We wish to show f ∈ a . But if f b ∈ ab then there exists g ∈ S with f b = gab, so (f − ga)b = 0 in S. Since b is not a zero divisor in S, we have f − ga = 0 in S, so f ∈ a as desired. To see the exactness of the sequence (2.14), the only substantive point remaining is exactness in the middle. Note that the image of the map ×g ′′ n is the (image under the natural quotient map of the) space {g ′′ n ·f | f ∈ R} and the kernel of the projection map R/ g 1 , . . . , g n−1 , g n → R/ g 1 , . . . , g n−1 , g n , g ′′ n is also the (image under the natural quotient map of the) space {g ′′ n ·f | f ∈ R} so they are equal.
Finally, we will need the following two facts. The first says that if an element in a regular sequence can be factored, then we can "take off" one of the factors and still have a regular sequence. This is immediate from the definition of regular sequences so we omit the proof. Lemma 2.9. Let R = Q[x 1 , . . . , x n ] be a polynomial ring and {g 1 , . . . , g n } ⊂ R a regular sequence. Assume that g n = g ′ n · g ′′ n for some positive-degree homogeneous polynomials g ′ n , g ′′ n ∈ R. Then {g 1 , . . . , g n−1 , g ′ n } is also a regular sequence.
The second statement is the following well-known characterization of regular sequences phrased in terms of Hilbert series [18, p.35 ]. For any positively graded algebra A = ⊕ k≥0 A k with finite-dimensional graded components, we let F (A, t) denote its Hilbert series, defined as
Proposition 2.10. Let R = Q[x 1 , . . . , x n ] and let {g 1 , . . . , g n } ∈ R be a set of positive-degree homogeneous polynomials. Then {g 1 , . . . , g n } is a regular sequence if and only if
STATEMENT OF THE MAIN THEOREM
We now give a precise statement of our main theorem. To do so, we need a bit more notation. Let h : [n] → [n] be a Hessenberg function. For s such that 1 ≤ s ≤ n, we let r s denote the minimal number m such that h(m) ≥ s. Namely,
We can also describe h (s) : [n − 1] → [n − 1] explicitly as follows:
as the reader may check.
Finally, we define the number p(h) to be the first position at which the diagram of h hits the main diagonal. More precisely, we define
Note that any Hessenberg function h satisfies h(n) = n, so the set {m ∈ [n] : h(m) = m} is non-empty and the integer p(h) is well-defined. As we already noted in (2.5), the polynomial g m,m is a constant polynomial for any m ∈ [n]. Thus, if h(m) = m, then A h s for any s > m is the zero ring (since the ideal by which we quotient includes g m,m , a constant). We need to avoid these degenerate cases in the arguments below.
Remark 3.4. We say that a Hessenberg function is connected
In many situations, it is natural to restrict attention to connected Hessenberg functions. However, we cannot place this assumption on our Hessenberg functions because we also need to deal with disconnected (i.e., not connected) Hessenberg functions in our inductive argument.
We can now state the main theorem. 
where by slight abuse of notation we denote by A h s+1 the image of A h s+1 in A h s under the map ×x s . In particular, if s = p(h), then we have the isomorphism
The second statement in the theorem above says that the graded pieces of the associated graded ring corresponding to the filtration (3.5) are isomorphic to analogous rings that are associated to a Hessenberg function for the integer n−1. In this sense, the graded pieces correspond to "smaller" Hessenberg functions, allowing us to make inductive arguments. This will be important for both the proof of the above theorem as well as for the corollaries thereof.
PROOF OF MAIN THEOREM, PART 1: A FILTRATION OF R/I h
In this section, we prove the first statement of Theorem 3.5, namely, that there exists a filtration of the ring R/I h as in (3.5) . We present the argument as a sequence of lemmas, from which the filtration (3.5) follows straightforwardly.
Proof. We take cases. First suppose j = 1. Then by our conventions g i,j−1 = g i,1−1 = g i,0 = 0. Therefore, in this case we must prove that f i,1 = g i,1 · x 1 (i.e. that the LHS and RHS are actually equal, not just equivalent modulo some equivalence relation). By definition
where the products are viewed to be equal to 1 in the case that i = 1 < 2. It follows immediately that for
Next we consider the case j ≥ 2. In this case we have by definition
where the second equality is obtained by splitting off the factor (x k − x j ) in the product formula, and products are interpreted to be equal to 1 if the top index is smaller than the bottom index. We then have
as desired.
The following lemma is based on the proof of [1, Lemma 4.1].
Proof. We induct on j and i. Note that j is assumed to satisfy 1 < j so the base case is j = 2. In this case we wish to show that
,1 so the claim is immediate. Otherwise, the claim follows by a simple induction on i since we know from Lemma 2.3 that f i,
,1 as desired. The argument for g i,1 ∈ g h(1),1 is similar. Now suppose that j ≥ 3 and assume by induction that the claim is true for j − 1, i.e., for any i with h(j − 2) ≤ i ≤ n we know f i,j−2 ∈ f h(1),1 , . . . , f h(j−2),j−2 . We then wish to show the claim for j and any i with h(j − 1) ≤ i ≤ n. We induct on i. The base case is i = h(j − 1), which is clear. Now assume h(j − 1) < i ≤ n and assume the claim is known for i − 1. By Lemma 2.3 we have
By the inductive hypothesis on the i, we know that
. Hence by the inductive hypothesis on j we know
as desired. By Lemma 2.3 the recursive formula for the g's are the same as for the f 's, so the proof for the g i,j−1 is similar.
Using the above two lemmas, we get the following.
We have an equality of ideals
Proof. In the case j = 1 it suffices to observe that the definitions of f i,j and g i,j immediately imply that f h(1),1 = x 1 · g h(1),1 . This in turn implies that the two ideals are equal. For j > 1 we have
We now recall the following fact.
In our arguments below, we consider ideals generated by sequences of polynomials which replace some of the f h(j),j appearing in the sequence above with g h(j),j 's, or x j · g h(j),j . The following lemma states that these still form regular sequences. 
. . , f h(n),n } is a regular sequence for any
. . , f h(n),n } is a regular sequence for any integer 0 ≤ j < p(h). (When j = 0 we interpret the sequence to be {f h(1),1 , . . . , f h(n),n }.)
Proof. By Proposition 2.10, if {F 1 , . . . , F n } and {G 1 , . . . , G n } are two sequences of polynomials with deg(F i ) = deg(G i ) for all i and F 1 , . . . , F n = G 1 , . . . , G n and if in addition {F 1 , . . . , F n } is a regular sequence, then G 1 , . . . , G n is also a regular sequence. Thus by Lemma 4.3 if (ii) holds for j = k then (i) holds for j = k + 1. Also, from Lemma 2.9 we know that if (i) holds for j = k then (ii) also holds for j = k. Since the statement (ii) for j = 0 is Lemma 4.4, an induction argument starting at j = 0 for statement (ii) implies the claims.
Using the above lemmas, we can now prove the first part of Theorem 3.5, namely, that there is an exact sequence connecting the rings A h s for differing values of s. We state this formally as a Proposition below. Proposition 4.6. Let s be an integer, 1 ≤ s ≤ p(h). Following the notation established above, there is a well-defined injective linear map
which fits into an exact sequence (Hess(N, h) ).
Proof. Recall that by definition
. . , f h(n),n . We know from Lemma 4.3 that
. . , f h(n),n } is a regular sequence. Now by Lemma 2.8 we conclude that the map
which is defined by multiplication by x s is well-defined and injective. Thus the first statement of the proposition is proved. The exactness of (4.3) is given by the exactness of (2.14). The filtration (4.4) follows immediately by considering the injections in sequence.
PROOF OF MAIN THEOREM, PART 2: THE QUOTIENT RING
Proposition 4.6 of the previous section proves the first part of Theorem 3.5. In this section, we prove the second half. Specifically, we give a description of the quotient ring A h s / x s as an analogous ring that is associated to a "smaller" Hessenberg function from [n − 1] to [n − 1]. Before continuing we note that from the exact sequence (4.3) we know that there exists an isomorphism
s under the map ×x s . We will therefore use A h s /A h s+1 and A h s / x s interchangeably in the discussion that follows. We have the following. Proposition 5.1. Let h be a Hessenberg function and 1 ≤ s ≤ p(h). Then the following ring isomorphism holds
where r s is defined in (3.1) . Here, the ring on the RHS is of the form 
In particular, we have
Furthermore, since h(m) ≥ h(m − 1) by the definition of Hessenberg functions, from Lemma 4.2 we can conclude that g h(m),m−1 ∈ g h(1),1 , . . . , g h(m−1),m−1 . Putting the above together we obtain that
as was to be shown. The second statement follows immediately.
We can now prove Proposition 5.1.
Proof of Proposition 5.1. By the exact sequence (4.3), we know that
Note that in the special case s = p(h), the ring A h p(h)+1 is the zero ring, so the above statement is equivalent
. Except for this difference in the statement of the claim, the argument we give below works for both the special case s = p(h) and for the other cases when s < p(h).
To prove (5.1), we define an explicit map ϕ :
As stated in the statement of the theorem, we think of A h (s) rs as being realized as a quotient of the ring Q[y 1 , y 2 , . . . , y n−1 ] by the ideal
(Here by slight abuse of notation we denote by x j and y j their corresponding images in the appropriate quotient rings.)
We define ϕ(x s ) = 0. We need to prove that ϕ is a well-defined ring map, and that it is an isomorphism. We first check well-definedness. To do this, it suffices to check that ϕ takes the defining relations of A h s / x s to the ideal (5.2) . In this context we may view the defining relations of A h s / x s to be the polynomials
considered as polynomials in x 1 , . . . , x n , where we additionally set x s = 0. We take cases. Thus ϕ takes g h(m),m (x) to an element in (5.2) as desired.
Case (i):

Case (ii):
Suppose that r s ≤ m ≤ s − 1. Then h(m) ≥ s. As in the above case we may compute Since m ≥ r s by assumption, we know that f h (s) (m),m (y) is an element of (5.2), as desired.
Case (iii):
Suppose that m = s. Then we have
Applying Lemma 5.2 we can see that
where all polynomials are in the y coordinates. Therefore 
Hence ϕ(f h(m),m (x)) is also contained in (5.2).
This completes the proof that ϕ is well-defined. In fact, in cases (i), (ii) and (iv) above we have proven something stronger. Namely, we have shown that
To see that ϕ is an isomorphism, note first that (5.3) sets up an exact correspondence between generators of (5.2) and generators of the ideal for A h s . In particular, by taking preimages, it follows straightforwardly that any element lying in the kernel of ϕ (viewed as a map from Q[x 1 , . . . , x n ] to A h (s) rs ) already lies in the ideal of relations for A h s . This shows that ϕ :
On the other hand, ϕ is clearly surjective, since its generators y 1 , . . . , y n−1 all lie in the image of ϕ by construction. This shows that ϕ is an isomorphism, as desired.
This completes the proof of Theorem 3.5.
AN INDUCTIVE FORMULA FOR POINCARÉ POLYNOMIALS
In the previous two sections, we proved the main result of this manuscript, namely Theorem 3.5. In the remainder of this paper, we derive several consequences of this result. For what follows, it may be useful to visualize our main result as a commutative diagram as follows:
where the horizontal arrows are inclusions and the vertical arrows are surjections.
From ( (
is the Hilbert series F (A h s , t) of the ring A h s . In particular, when s = 1, we have F h
where the RHS denotes the Poincaré polynomial of the variety Hess(N, h) in the variable t. (The square root √ t is due to the fact that Hess(N, h) has no odd-degree cohomology.) From the diagram (6.1) and noting that the multiplication maps shifts the degrees, we immediately obtain the following corollary of Theorem 3.5. Poin (Hess(N, h) ,
Proof. The Poincaré polynomial of Hess(N, h) is the same as the Poincaré polynomial of its associated graded ring corresponding to the filtration (6.1), but each piece of the associated graded ring is isomorphic to a ring of the form A h (k) r k , whose Poincaré polynomial is F h (k) r k (t). The shift in degrees, reflected by the multiplication by t k−1 , is due to the shift in degrees that occurs in (6.1), since each multiplication by x ℓ increases the degree by 1. (1 + t + · · · + t h(m)−m )
for the same Poincaré polynomial [17] . In fact, it is possible to derive our Corollary 6.1 directly from their formula by some straightforward algebraic manipulations. However, it was our filtration which made apparent (to us) the inductive nature of this Poincaré polynomial. . It is also straightforward to compute that r 1 = 1, r 2 = 1, r 3 = 2 and r 4 = 3. We then obtain that
r4 (t) = 1. Therefore Corollary 6.1 yields the formula Poin(Hess (N, (2, 3, 4, 4) 
which is precisely the formula in (6.3).
A MONOMIAL BASIS FOR H * (Hess(N, h))
From the point of view of commutative algebra, it is a natural question to ask whether there exists a monomial basis for any ring which is presented explicitly as a quotient ring R/I of a polynomial ring R = Q[x 1 , . . . , x n ] modulo an ideal I. More precisely, the question is whether there exists a set of monomials {x α = x α1 1 x α2 2 · · · x αn n } α∈S for some subset S ⊆ Z n ≥0 such that the images of these monomials in R/I form an additive basis. Classical examples of such include the "standard monomial bases" of Gröbner theory.
In this section, we use our main theorem to construct a natural monomial basis for H * (Hess(N, h) ) ∼ = R/I h . In fact, we prove a stronger statement: we construct a monomial basis for any ring of the form A h s as introduced in Section 2. We note that (up to a change in conventions) this monomial basis was conjectured by Mbirika in [14] . We have the following. 
is an additive basis for A h s . To make the induction argument work, we need the following lemma. We can now prove the theorem.
Proof of Theorem 7.1. We prove Theorem 7.1 by induction on n and decreasing induction on s.
First consider the base case n = 1. In this case, the only possible Hessenberg function is the identity h(1) = 1 and A h 1 = Q[x]/ f 1,1 = x ∼ = Q. A basis is given by x h(1)−1 = x 0 = 1 ∈ Q. This proves the base case.
We proceed to the inductive step. Suppose now that n > 1 and that the claim holds for n − 1, any Hessenberg function h ′ : [n−1] → [n−1], and any s ′ with 1 ≤ s ′ ≤ p(h ′ ). We now use a decreasing induction argument on the index s. Consider the base case s = p(h). In this case we know that A h
r p(h) is a ring associated to a Hessenberg function on [n − 1]. By Lemma 7.2 we may therefore apply the inductive hypothesis, and the following set of monomials
is an additive basis of A h (p(h)) r p(h) . Recall that the Hessenberg function h (p(h)) is defined as
From this it follows that, under the isomorphism which sends x m to y m for 1 ≤ m ≤ p(h) − 1 and x m to y m−1 for p(h) + 1 ≤ m ≤ n (and x p(h) goes to 0), the monomials in (7.1) may be identified with the following set of monomials:
Since h(p(h)) = p(h) by definition of p(h), this is in turn equal to the set
implies that x p(h) never appears in these monomials. This is exactly the set given in the statement of the theorem, so we have proven the base case s = p(h). Now we assume that s < p(h) and that the claim holds for s + 1. By the inductive assumption, a basis of A h s+1 is given by the monomials
On the other hand, we have A h s /(x s ) ∼ = A h (s) rs from Proposition 5.1. Since A h (s) rs is a ring associated to a Hessenberg function on [n − 1] and because r s ≤ p(h (s) ) by Lemma 7.2, by the inductive assumption on n we can take as a basis of A h s /(x s ) ∼ = A h (s) rs the monomials
Under the isomorphism ϕ between A h s /(x s ) and A h (s) rs constructed and used in the proof of Proposition 5.1, the above monomials in the y variables corresponds to the following set of monomials in the x variables
and from the isomorphism ϕ it follows that (7.4) is an additive basis of A h s /(x s ). Moreover, since the monomials above do not contain x s , it follows that the set (7.4), when viewed as elements in A h s , are linearly independent. From the exact sequence in (4.3) it now follows that a basis of A h s can be obtained by combining the sets (7.4) and (7.3) , except that the set (7.3) must be multiplied by x s . We conclude that
is an additive basis of A h s . It is straightforward to see that this set coincides with the set given in the statement of the theorem, since the set (7.4) gives precisely those monomials which do not contain an x s , and the monomials obtained by multiplication by x s of the elements of (7.3) give precisely those monomials in which x s appears with an exponent between 1 and h(s) − s. This completes the proof.
We state the special case when s = 1, for which A h 1 = R/I h ∼ = H * (Hess(N, h) ; Q), as a separate corollary. (Hess(N, h) ) ∼ = R/I h of the) following set of monomials (Hess(N, h) ).
Remark 7.4. The monomial bases (7.5) arising in Corollary 7.3 do not, in general, come from Gröbner theory, as can be seen by the following example. Let n = 3 and h = (2, 3, 3) . In this case, the set of monomials (7.5) is {1, x 1 , x 2 , x 1 x 2 }. Suppose for a contradiction that there exists a monomial order < with respect to which the standard monomials corresponding to init < (I h ) is this set. In order for this to occur it must be the case that init < (f ) for any f ∈ I h must be divisible by x 2 1 , x 2 2 , or x 3 . (Here init < (I) denotes the initial ideal of I with respect to the monomial order < as in standard Gröbner theory.) By definition of the generators of I h we know that both
are elements of I h . The initial term of the left element must be x 2 1 and the initial term of the right element must be x 2 2 , which implies that under this monomial order we must have
1 > x 1 x 2 and x 2 2 > x 1 x 2 . By properties of monomial orders, this in turn implies that x 1 > x 2 and x 2 > x 1 , which is a contradiction. Therefore, there cannot exist any such monomial order <. Example 7.5. Let h = (2, 4, 4, 4) . Then the corollary shows that the following set (Hess(N, (2, 4, 4, 4) ) ∼ = R/I h . (Hess(N, h) )
LINEAR RELATIONS ON SCHUBERT CLASSES IN H *
We now give an algorithm for computing a basis of the set of linear relations on Schubert classes in the cohomology ring H * (Hess(N, h) ). Recall from Theorem 2.4 that there is a surjective ring homomorphism H * (F lag(C n )) → H * (Hess(N, h) ) induced from the inclusion map Hess(N, h) ֒→ F lag(C n ). For the cohomology of the flag variety, there is a famous additive basis consisting of the Schubert classes {σ w } w∈Sn , parametrized by the permutations w in the symmetric group S n . Let σ w ∈ H * (Hess(N, h) ) denote the image of the Schubert class σ w ∈ H * (F lag(C n )) under the projection H * (F lag(C n )) → H * (Hess(N, h) ). Given that the projection is surjective, it is natural to ask whether there exists some natural subset of the Schubert classes which form an additive basis for H * (Hess(N, h) ). The first and fifth authors were thinking about this problem some time ago and asked the following question. (Hess(N, h) )?
This question has been studied in previous work; as an example, gave an answer to this question for the special case of the Peterson variety, which is the case when h = (2, 3, 4, · · · , n, n), i.e. h(i) = i + 1 for 1 ≤ i ≤ n − 1 [11, Theorem 4.12] . However, as far as we are aware, the question is still open in the general case.
Motivated by this, we can also ask a related question: what are the linear relations satisfied by the classes {σ w } w∈Sn ? In the remainder of this section, we address this question using techniques similar to those in the proof of Theorem 7.1.
We need some terminology. Let h, h ′ be two Hessenberg functions on [n]. We write h ′ ⊆ h if h ′ (i) ≤ h(i) for all 1 ≤ i ≤ n. In pictures, this is the situation when the "star" boxes corresponding to h ′ are also "star" boxes corresponding to h (in the sense of Example 3.1).
Example 8.2.
Let h ′ = (2, 3, 3, 5, 5) and h = (3, 4, 4, 5, 5) . Then it is easy to check h ′ ⊆ h. We illustrate this in the Theorem 8.4. Let n be a positive integer, n ≥ 2. Let h : [n] → [n] be a Hessenberg function and suppose that the box (i, j) for i > j is a corner of h. Let h ′ : [n] → [n] be the Hessenberg function obtained from h by removing the box (i, j). Then the kernel of (8.1) has as a basis the following set:
The strategy of our proof will be similar to the one used for Theorem 7.1. We first define analogous ring maps ϕ s : A h s → A h ′ s in such a way that the special case s = 1 is exactly the restriction map (8.1). Specifically, we define
as the ring homomorphisim induced from the identity homomorphism R → R, where it is useful to recall that
Before proceeding, we need to show that the ϕ s thus defined are well-defined; this is part of the next Lemma 8.5 below.
In the proof of Proposition 4.6 we use that (up to a certain equivalence) f i,j may be expressed as a product x j g i,j and apply Lemma 2.8 to obtain an exact sequence by "peeling off" the factor x j from the product x j g i,j . However, there is nothing preventing us from "peeling off" the factor g i,j instead, and the next lemma records what happens when we do so. Lemma 8.7. Fix ℓ such that 1 ≤ ℓ ≤ p(h). There exists a natural ring surjection Ψ ℓ : A h ℓ → A h ℓ+1 which fits in an exact sequence
Moreover, the set of monomials
is an additive basis for the kernel of Ψ ℓ .
Proof. If ℓ = p(h), then g h(ℓ).ℓ = g h(p(h)).p(h) = p(h) is a constant. The claim follows from Proposition 4.6.
In what follows, we assume that 1 ≤ ℓ < p(h). First observe that the sum ideal g h(1),1 , · · · , g h(ℓ−1),ℓ−1 , f h(ℓ),ℓ , · · · , f h(n),n + g h(ℓ),ℓ is equal to the ideal g h(1),1 , · · · , g h(ℓ−1),ℓ−1 , g h(ℓ),ℓ , f h(ℓ+1),ℓ+1 , · · · , f h(n),n by Lemma 5.2. Also, we know that the ideals
, · · · , f h(n),n and g h(1),1 , · · · , g h(ℓ−1),ℓ−1 , x ℓ · g h(ℓ),ℓ , f h(ℓ+1),ℓ+1 , · · · , f h(n),n are equal by Lemma 4.3. We also know by previous arguments that the sequence of generators in the above ideal is a regular sequence Lemma 4.5. Applying Lemma 2.8 using g n = x ℓ · g h(ℓ),ℓ and g ′′ n = g h(ℓ),ℓ and g ′ n = x ℓ yields the desired exact sequence (8.6) . In particular, the map Ψ ℓ is the map which quotients by g h(ℓ),ℓ . Now recall from Proposition 5.1 that
and from Theorem 7.1 we know that the set of monomials
is an additive basis of A h (ℓ) r ℓ . Using the same isomorphism ϕ : A h ℓ / x ℓ → A h (ℓ) r ℓ as in the proof of Proposition 5.1 together with the definition of h (ℓ) in (3.2), it is straightforward to see that the above monomials correspond under ϕ to the monomials
By the exactness of the sequence (8.6), the image of these basis elements under the map which multiplies by g h(ℓ),ℓ is the kernel of Ψ ℓ , so the result follows.
We now state and prove a proposition which is a generalization of Theorem 8.4. In particular, we can obtain Theorem 8.4 applying the proposition below to the case s = 1. 
is an additive basis of ker(ϕ s ) ⊆ A h s . If s ≤ j, then the set of monomials
is an additive basis of ker(ϕ s ) ⊆ A h s . Proof. We prove the claim by induction on n. At each inductive step (with respect to n) we also use a decreasing induction on s.
The base case is n = 2. Here the only possible choice of Hessenberg function h to which the statement of the proposition can be applied is h = (2, 2), where the choice of box to be removed is the (2, 1)-th box. Thus the Hessenberg function h ′ , obtained by removing the (2, 1) box from h, is h ′ = (1, 2). Here p(h) = 2, so there are two cases to consider s = 1 and s = 2. The corner being removed is (2, 1), so i = 2 and j = 1. Suppose s = 1. Then we have
In this case we have s = 1 ≤ j = 1 so the statement of the proposition claims that
} is a basis of the kernel of ϕ 1 . This can easily be checked since ϕ 1 is the map which sends x 1 to 0 and 1 to 1.
Now suppose s = 2. Then
Here the map ϕ 2 is the map sending 1 to 0. Since j + 1 = 2 ≤ s = 2 we need to check that {g 1,1 · x i2 2 | 0 ≤ i 2 ≤ h(2) − 2 = 0} = {1} is a basis of the kernel. This follows immediately from the computation of ϕ 2 . This completes the base case of n = 2.
Now assume that the assertion of the proposition holds for n − 1, with any allowable choices of h, box (i, j) and s. We now prove that the assertion holds for n, using a descending induction on s.
Let h : [n] → [n], the box (i, j) and the Hessenberg function h ′ be as in the statement of the proposition. We will make the induction argument separately for the two cases p(h) > j and p(h) < j. (Note that p(h) = j cannot occur since we assume h(j) = i > j so h(j) = j.)
Case (a): p(h) > j.
In this case, notice that i ≤ p(h) because j < p(h) and Hessenberg functions are non-decreasing by assumption, so i = h(j) ≤ h(p(h)) = p(h). Thus we have that
The parameter s is required to satisfy 1 ≤ s ≤ p(h), so the base case of the decreasing induction is when s = p(h). The argument that follows has many cases and is rather long, so we first give a sketch of how the argument proceeds. By the short exact sequence from Lemma 8.6
the union of a basis of ker(ϕ s+1 ) multiplied by x s and a basis of ker(ϕ s ) is a basis of ker(ϕ s ). Our arguments below use this fact together with the induction hypotheses on both n and s applied to ker(ϕ s ) and ker(ϕ s+1 ) respectively. We also repeatedly use the identification
rs . Finally, we use the notation r ′ s to denote the RHS of (3.1) for the Hessenberg function h ′ . It is immediate from the construction of h ′ that r s = r ′ s unless s = i; we use this repeatedly as well. Details of the arguments differ slightly depending on the case under consideration.
Case (a-1) (base case of descending induction on s): s = p(h).
From Lemma 8.6 we know there is an exact sequence (8.9). On the other hand, since A h p(h)+1 = 0 it follows that ker(ϕ p(h)+1 ) = 0, so we have ker(ϕ p(h) ) ∼ = ker(ϕ p(h) ). Next recall that A h
. Now we take cases again.
Case (a-1-(i)): i = s = p(h). In this case we can see that j = r i = r p(h) (since (i, j) must be a corner) and it follows that h ′(p(h)) = h (p(h)) and r ′ p(h) = r p(h) + 1 = j + 1. Thus the map ϕ p(h) can be viewed as a map
and it is also the same as the homomorphism Ψ j considered in Lemma 8.7 since j ≤ p(h (p(h)) ) by Lemma 7.2. In particular, from Lemma 8.7 we conclude that ker(ϕ p(h) ) = ker(Ψ j ) has a basis
This means that g h (p(h)) (j),j (y) = g i−1,j (y) is identified with g i−1,j (x). Moreover, from the definition of h (p(h)) in (7.2), it follows that the monomials in (8.11) are identified with the monomials
Recall that s = p(h) in this case, and h(p(h)) = p(h) by definition, so the condition 0 ≤ i s ≤ h(s) − s implies i s = 0 and hence x s does not appear in the monomials in the set (8.7) and it can be seen that the monomials in the equation above are exactly those in (8.7), as desired. This completes the case (a-1-(i)).
Case (a-1-(ii)): i < p(h).
In this case, note first that j < r p(h) since h(j) = i < p(h). Moreover, because h and h ′ differ by a box with i < p(h) and j < p(h), it follows that r ′ p(h) = r p(h) and that (h ′ ) (p(h)) is the Hessenberg function obtained by removing the box (i, j) from h p(h) . Thus, from the inductive hypothesis on n it follows that the kernel of the map
has as an additive basis the following set of monomials:
Using the same isomorphism A h p(h) / x p(h) ∼ = A h (p(h)) r p(h) of (8.10) as in the case (a-1-(i)) it can be seen that the above monomials are identified with
which is the set of monomials appearing in (8.7) , by an argument similar to the case (a-1-(i)). This completes case (a-1), the base case of the descending induction on s.
Going forward we assume by induction that the result is known for higher values of s.
Case (a-2): i < s < p(h).
Consider the exact sequence of (8.9). From the assumptions it follows that j < r s ≤ s, r ′ s = r s and that (h ′ ) (s) is the Hessenberg function obtained by removing the box (i, j) from h (s) . Hence from the inductive hypothesis on n we know that the kernel of
rs has, as an additive basis, the set of monomials
The isomorphism A h s / x s ∼ = A h (s) rs of (8.10) identifies y m with x m for 1 ≤ m ≤ s − 1 and y m with x m+1 for s ≤ m ≤ n − 1. By similar considerations as in the previous cases, it follows that the above monomials are identified with the monomials
Furthermore, by the inductive hypothesis on s we know that ker(ϕ s+1 ) has the following set of monomials
as an additive basis. The map ker(ϕ s+1 ) → ker(ϕ s ) multiplies these monomials by the variable x s , so the image of this set in ker(ϕ s ) is
By the exactness of the sequence (8.9) we know that the union of (8.13) and (8.12) is an additive basis of ker(ϕ s ), and this set coincides with (8.7) as desired.
Case (a-3): s = i.
In this case we have h (s) = (h ′ ) (s) and r s = j and r ′ s = j + 1. From the same exact sequence as in (8.9) we wish to use the inductive hypotheses to obtain monomial bases for ker(ϕ s ) and ker(ϕ s+1 ). In this case an additive basis of the kernel of the map ϕ s can be obtained using Lemma 8.7 as in the case (a-1-(i)) and a basis for the kernel of ϕ s+1 can be described by induction on s as in case (a-2) above. A similar argument using (8.9) yields the result in this case.
Case (a-4): j < s < i.
In this case, it can be seen from the fact that h(j) = i > s and the fact that (i, j) is a corner, that r s ≤ j. Moreover, (h ′ ) (s) is the Hessenberg function obtained from h (s) by removing the (i − 1, j)-th box (note that since s < i, the s-th row, which gets removed in h (s) , lies above the i-th row). From these considerations we see that the map
has a kernel which can be described by the induction hypothesis on n. Specifically, ker(ϕ s ) has a basis consisting of the monomials
where the inequality r s ≤ j implies that we use f (i−1)−1,j = f i−2,j instead of g i−2,j in the expressions above.
Here we note that f i−2,j (y) = j k=1
under the same isomorphism as in the cases above. On the other hand, we have
and since A h (s) rs ∼ = A h s / x s quotients by x s we conclude that under this isomorphism, the monomials (8.14) are identified with
The kernel of ϕ s+1 can be obtained using the descending induction hypothesis on s, and from here the remainder of the argument is as in the cases above.
Case (a-5): s = j.
In this case, since s = j, the j-th row and column are removed from h to create h (s) , which means that (since h and h ′ only differ in the j-th column) h (s) = (h ′ ) (s) . Also, since i > j it follows that r s = r ′ s . Thus in this case we have ker(ϕ j ) = 0 and we have ker(ϕ j+1 ) ∼ = ker(ϕ j ) via the isomorphism which multiplies by x j . By our descending induction hypothesis on s, we can take as a basis of ker(ϕ j+1 ) the monomials
We thus obtain a basis of ker(ϕ j ) by multiplying by x j . However, we also note that f i−1,j ≡ x j · g i−1,j modulo g i−1,j−1 by Lemma 4.1, and h(j−1) ≤ i−1 since (i, j) is a corner. Thus g i−1,j−1 ∈ g h(1),1 , . . . , g h(j−1),j−1 by Lemma 4.2 and we conclude f i−1,j = x j · g i−1,j in A h j . Thus we may replace x j · g i−1,j in the expressions for the monomials and we obtain that the following monomials
are a basis for ker(ϕ j ), as desired.
Case (a-6): 1 ≤ s < j.
By assumption, j < i = h(j) so in this case we have s < j < i. This implies that (h ′ ) (s) is the Hessenberg function obtained from h (s) by removing the (i − 1, j − 1)-st box, and it also implies that r s = r ′ s . Moreover, since r s ≤ s and s < j, we have r s < j. Thus the kernel of ϕ s : A h (s) rs → A (h ′ ) (s) r ′ s =rs can be described using the inductive hypothesis on n and we obtain that the set of monomials
is a basis of ker(ϕ s ). Under the identification of y m with x m for 1 ≤ m ≤ s − 1 and y m with x m+1 for s ≤ m ≤ n − 1 in the isomorphism (8.10) we can compute that
Since the ring A h s / x s quotients by x s , this implies that as a basis of ker(ϕ s ) we may take the monomials
Corollary 8.11. Let box (i, j) be a corner of h, and consider the map (8.1). The set of linear equations given by
j+1 · · · x in n = 0 as i := (i 1 , . . . , i j−1 , i j+1 , . . . , i n ) ∈ Z n−1 ≥0 varies over all i such that 0 ≤ i m ≤ h(m) − m for all m with 1 ≤ m ≤ n, m = j, form a basis for the kernel of (8.1).
Proof. This follows immediately from Theorem 8.9 and Theorem 8.4.
The next formula is equivalent to Monk's formula which is well-known on Schubert calculus. Theorem 8.12 (Monk's formula [15] , see also [9, p.180-181] ). Let {σ w } w∈Sn be the Schubert classes in the cohomology of the flag variety. Then we have
where the first sum is over those w ′ obtained from w by interchanging the values of w in positions r and q for those r < q with w(r) < w(q), and w(i) is not in the interval (w(r), w(q)) for any i in the interval (r, q), and the second sum is over those w ′′ obtained from w by interchanging the values of w in positions r and p for those p < r with w(p) < w(r), and w(i) is not in the interval (w(p), w(r)) for any i in the interval (p, r).
The above arguments imply that a basis for the set of linear relations on Schubert classes on a given Hess(N, h) can be obtained by a step-by-step procedure as follows. First, choose a sequence of Hessenberg functions h 0 , h 1 , . . . , h N such that h 0 = (n, n, . . . , n) corresponds to the full flag variety, h N = h is the given Hessenberg function, and h k+1 is obtained from h k by removing a corner box as in the discussion above. Second, at each step, use Corollary 8.11 and Theorem 8.12 to obtain a basis of the linear relations satisfied by the Schubert classes σ w in H * (Hess(N, h k+1 )) (but not satisfied in H * (Hess(N, h k )) ). Taking the union of all such relations obtained at each step, we obtain a basis for the set of linear relations satisfied by Schubert classes in H * (Hess(N, h = h N ) ).
We give a small worked example.
Example 8.13. Let n = 4 and h = (2, 4, 4, 4) . In this case, we can obtain h from the Hessenberg function h 0 = (4, 4, 4, 4) for the full flag variety in two steps: first we remove the box (4, 1) to obtain h 1 = (3, 4, 4, 4) , and second, we remove the box (3, 1) to obtain h 2 = h = (2, 4, 4, 4) . We consider both steps in sequence. At the first step, we have i = 4 and j = 1 and from Theorem 8.9 we conclude that f 3,1 = S 4123 − S 3142 + S 2341 and from Corollary 8.11 we know we obtain 6 linearly independent relations satisfied by Schubert classes in the cohomology H * (Hess(N, h 1 ) ) by multiplying the above expression in Schubert classes by the six monomials {1, x 2 , x 3 , x 2 2 , x 2 x 3 , x 2 2 x 3 }. Using Theorem 8.12, we obtain all linear relations among the Schubert classes in H * (Hess(N, h 1 )) as follows: σ 4123 = σ 3142 − σ 2341 , σ 4213 = σ 3412 + 2σ 3241 − σ 2431 , σ 4132 = σ 3241 , σ 4312 = σ 3421 , σ 4231 = 0, σ 4321 = 0.
At the second step, we have i = 3 and j = 1 so by Theorem 8.9 we have f 2,1 = S 3124 − S 2314 and now again by Corollary 8.11 we obtain another 6 linearly independent relations by multiplying the above expression by the same six monomials {1, x 2 , x 3 , x 2 2 , x 2 x 3 , x 2 2 x 3 }. Using Theorem 8.12 again, we obtain 6 linearly independent relations. Finally, the union of these sets of equations give us 12 linearly independent relations which are satisfied by the (images of the) Schubert classes in H * (Hess(N, h) ) as follows: σ 3124 = σ 2314 , σ 4123 = 1 2 σ 2413 , σ 3214 = 1 2 σ 2413 , σ 3142 = 1 2 σ 2413 + σ 2341 , σ 4213 = 0, σ 3241 = 1 2 σ 2431 , σ 4132 = 1 2 σ 2431 , σ 3412 = 0, σ 4312 = 0, σ 3421 = 0, σ 4231 = 0, σ 4321 = 0.
In particular, we can answer Question 8.1 in the affirmative for h 1 = (3, 4, 4, 4) and h = h 2 = (2, 4, 4, 4). Remark 8.14. As in Example 8. 13 , we can answer Question 8.1 in the affirmative for all Hessenberg functions in the case n = 4.
FURTHER DIRECTIONS: A PROPOSAL FOR A DEFINITION OF HESSENBERG SCHUBERT POLYNOMIALS
In this last section, we propose a new research program: the study of Hessenberg Schubert polynomials, in the setting of regular nilpotent Hessenberg varieties and their cohomology rings. Specifically, we propose a definition of a "Hessenberg Schubert polynomial", which generalizes the classical Schubert polynomials in the special case of F lag(C n ). In this section we specify coefficients in cohomology.
To explain our definition, we need to recall some facts about the classical case (for a reference, see [9] ). First, as mentioned in Remark 2.5 the cohomology ring H * (F lag(C n ); Z) has the well-known Borel presentation (9.1) π : Z[x 1 , . . . , x n ] → Z[x 1 , . . . , x n ]/ e 1 , . . . , e n ∼ = H * (F lag(C n ); Z)
where, for each i, the e i denotes the i-th elementary symmetric polynomial. Second, in the cohomology of the flag variety, there exists a natural additive basis of Schubert classes {σ w } w∈Sn where each σ w is the Poincaré dual to the (opposite) Schubert variety B − wB =: Ω • w . Third, classical Schubert calculus concerns the computation of the structure constants of the Schubert classes in H * (F lag(C n ); Z), i.e. the c u wv in the equation
The essential idea of our Definition 9.1 is to define Hessenberg Schubert polynomials using the constants in an analogous change-of-basis matrix for two additive bases of H * (Hess(N, h) ; Q), i.e., to view the equality in (9.3) as a definition of the Schubert polynomials, with appropriate choices of bases on both the LHS and RHS. Henceforth we work with Q coefficients for the cohomology rings since our results in the previous sections hold over Q. One of the additive bases we will use is the set of monomials {x i1 1 x i2 2 · · · x in n | 0 ≤ i m ≤ h(m) − m}, shown to be a basis of H * (Hess(N, h) ; Q) in Corollary 7.3 of Section 7. For the appropriate analogue of the basis of Schubert classes in the Hessenberg setting, we need some results of the fifth author [19] , as we now explain.
Let Ω • w denote the (opposite) Schubert cell corresponding to w ∈ S n . In what follows, we take a regular nilpotent matrix N as the following form (Hess(N, h) ; Z) form an additive basis of the homology H * (Hess(N, h) ; Z). We now use the fact that, although Hess(N, h) is in general singular, its cohomology ring H * (Hess(N, h) ; Q) with rational coefficients is nevertheless a Poincaré duality algebra [1, Proposition 10.6], so it still has non-degeneracy properties similar to the cohomology rings of smooth oriented closed manifolds. The fact that H * (Hess(N, h) ; Q) is a Poincaré duality algebra follows from an algebraic argument, but we can take a geometrically natural generator x h of the top degree cohomology H top (Hess(N, h); Q) as follows [7, Section 3]: (9.4) x
where S h is the Young subgroup of S n associated with h defined as follows. Let λ i (1 ≤ i ≤ ℓ) be a positive integer m such that h(m) = m with λ 1 < λ 2 < · · · < λ ℓ = n. Then, S h is defined to be the product of smaller symmetric groups S λ1 ×S λ2−λ1 ×· · · S λ ℓ −λ ℓ−1 . Then, by the non-degeneracy assumption of Poincaré duality algebras, we may define the Poincaré dual class in H * (Hess(N, h) is an additive basis of H * (Hess(N, h) ; Q). We take these to be the appropriate analogues of the Schubert classes in the classical case. In Section 7 we derived a different basis for H * (Hess(N, h) ; Q), consisting of monomials. it now follows from basic linear algebra that there exist constants a w
